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The equations of motion and energy are solved numerically for fully developed laminar flow 
of a power law fluid in a vertical pipe with constant heat flux a t  the wall. Density is assumed 
to be the only temperature dependent physical property of the fluid. Temperature profiles, 
velocity profiles, and Nusselt numbers are presented as functions of the power law exponent and 
the ratio of the Grashof number divided by the Reynolds number. 

The prediction of the rate of heat transfer to or from 
a laminar flowing non-Newtonian liquid in a smooth cir- 
cular pipe is complicated by the variation of fluid physical 
properties with temperature. This variation will cause 
a distortion in the isothermal velocity profile which in turn 
affects the temperature field and the rate of heat transfer. 
Numerous studies which confirm the lack of agreement 
between experimental heat transfer coefficients and those 
predicted by constant property analyses are summarized 
by Metzner (7) and Skelland (16). Large profile distor- 
tions can even cause an otherwise laminar flow to be- 
come turbulent ( 11 ). 

Several variable property analyses exist, all of which 
consider a temperature dependent consistency and assume 
that natural convection effects are negligible (7, 16). 
Many non-Newtonian liquids are so highly viscous that 
such an assumption is valid. However, there is experimen- 
tal evidence for less viscous non-Newtonian liquids that 
natural convection effects may influence heat transfer 
rates significantly (8, 10). In fact, Metzner (7) estimates 
from available data that “the maximum effects due to 
natural convection, temperature dependence of rheologi- 
cal properties and non-Newtonian properties are 300 %, 
43 % and 3076, respectively.” Furthermore, the heat 
transfer induced flow instabilities observed at low Reyn- 
olds numbers most likely are caused by profile distortions 
resulting primarily from natural convection (11 ) . Empiri- 
cal heat transfer correlations which account for natural 
convection effects, such as those for flow in horizontal 
tubes (8, l o ) ,  may be satisfactory for design purposes, 
but they give no information about the velocity distribu- 
tion and hence the stability of such flows. 

In spite of the demonstrated importance of natural con- 
vection effects, no analysis exists for non-Newtonian fluids 
with a temperature dependent density. Any complete anal- 
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ysis should include both temperature varying viscosity 
and density, but the complexity is such that a constant 
viscosity analysis should be a useful preliminary step in 
understanding the role of natural convection. To be of 
value the analysis should not only predict the magnitude 
of the convection effect on heat transfer coefficients but 
should also present velocity profiles suitable for comparing 
hydrodynamic stability theory predictions with experi- 
mental transition results. 

Constant wall flux heat transfer in vertical pipes is 
ideally suited to such a study when the density is the only 
temperature dependent fluid property because fully devel- 
oped distorted velocity and temperature profiles will be 
attained far downstream in the heat transfer section, con- 
siderably simplifying both the analysis and subsequent 
experiments. For Newtonian flow, analytical solutions have 
been obtained for the fully developed fields ( 4 ,  5, 9). Of 
course, no fluid has a truly temperature independent vis- 
cosity, so the attainment of fully developed flow can only 
be approximated in any real system. For experimental 
conditions carefully chosen to minimize variable viscosity 
effects, experiments conducted with water have shown the 
predominance of the natural convection effect and have 
confirmed the essential features of the analysis (12, 1 4 ) .  
These studies have contributed to the understanding of 
flow stability at low Reynolds numbers. I t  has been shown 
both theoretically and experimentally that the effects of 
viscosity variations become increasingly important as the 
radial viscosity gradient increases (6). For non-New- 
tonian flow with constant flux heat transfer, analytical 
solutions have been obtained only for fluids with tempera- 
ture independent physical properties, both in the fully 
developed (3) and developing (15) flow regions. 

This paper presents numerical solutions for velocity 
and temperature distributions and heat transfer coefficients 
for constant flux heating of a power law fluid in the fully 
developed region attained in a vertical pipe when density 
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is the only temperature varying property. The power law 
constitutive equation is used because of its simplicity. 

THEORETICAL ANALYSIS 

A quantitative description of the heat distorted velocity 
and temperature fields may be obtained by solving simul- 
taneously the equations of motion and energy for an incom- 
pressible fluid, allowing the buoyancy term in the equation 
of motion to vary with temperature. For the fully devel- 
oped flow conditions established far downstream in a verti- 
cal pipe with constant wall heat flux, the equation of 
motion written in terms of shear stresses reduces to 

For small temperature changes, the density may be ap- 
proximated linearly by 

where 
P = Pav + Pav B ( t a v  - t )  (2a )  

tay = ( s,” trdr ) 1 a2 

This assumption limits the analysis because it has been 
found that for fairly severe heat transfer conditions, it is 
necessary to use a quadratic expression in place of Equa- 
tion (2a)  to obtain good agreement between theory and 
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Fig. 1. Natural convection distorted velocity profiles for a = 0.25 

as o function of NGJNR,. 

experiment (6) .  The pressure gradient can be eliminated 
from Equation (1)  by using the overall force balance 

(3) 

If Equations (2a )  and (3) are substituted into Equation 
(l),  if the dimensionless variables R = r /a  and T’ = 7+,/rW 

are introduced, and if g, is replaced by g, the equation of 
motion becomes 

where the positive sign represents upflow and the negative 
sign downflow. 

Equation (4) is general until a constitutive equation is 
specified. For a power law fluid (I) 

The positive sign is associated with a negative velocity 
gradient and vice versa. Both the consistency K and the 
index a, which are functions of temperature, are assumed 
constant in the subsequent analysis. Neglecting the tem- 
perature variation of a is a good assumption, but consider- 
ing K a constant significantly limits the analysis because K 
can be a strong function of temperature (17). 

The wall shear stress is obtained by evaluating Equa- 
tion (5) at r = a; it may then be substituted into Equation 
(4) .  If, in addition, a dimensionless velocity V = v/vay, 
a dimensionless temperature T = k ( t  - ta , ) /qa,  and an 
effective viscosity perf = K ( v , , / u ) ~ - ’  are defined, the 
equation of motion can be expressed in terms of dimension- 
less variables and parameters as 

where 
N G r  = a4 pay2 gBq/k p’eff ( 7 4  

N R ~  = a VavPav/htt (7b) 
Because of the two sign possibilities in both Equations (4)  
and (5), use of the positive sign in Equation (6)  is valid 
only when the following convention on the ratio N G J N R ,  
is adopted. For liquids with a positive coefficient of ther- 
mal expansion B, the ratio is positive for upflow heating 
and for downflow heating with a positive wall velocity 
gradient; for downflow heating with a negative wall veloc- 
ity gradient, the ratio is negative. For constant flux cool- 
ing the convention is reversed. 

In terms of the previously defined dimensionless vari- 
ables, the energy equation reduces to 

dzT 1 dT - +--=2v 
dR2 R dR 

and the equation of continuity for an incompressible liq- 
uid becomes 

f V R  d R =  % (9) 

The following boundary conditions must also be satisfied: 

d T / d R = O  at R = O  ( 104 

d V / d R = O  at R = O  (lob) 
v = o  at R = l  (10c) 
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Equations ( 5 ) ,  (6), (8), and (9) together with the 
boundary conditions define the problem. Once the veloc- 
ity and temperature profiles have been determined, the 
Nusselt number based on the difference between the wall 
and mixing cup average temperatures can be calculated 
from 

NN,, = hd/k = 2 / ( T ,  - 2 f TVRdR ) (11) 

For fluids with a temperature independent density, the 
second term on the right side of Equation (6) is zero be- 
cause N G r  = 0, and if the viscosity is also temperature 
independent, the motion and energy equations are no 
longer coupled. Analytical solutions for the velocity and 
temperature fields exist for both Newtonian (1)  and power 
law fluids ( 3 ) ,  as well as for nowNewtonian fluids whose 
rheological behavior is described by other constitutive 
equations (15).  

For variable density fluids, analytical solutions have been 
obtained only for the Newtonian case (a = 1) by several 
investigators (4 ,  5, 9). The treatment of Hanratty, Rosen, 
and Kabel ( 5 )  is recommended for those interested in 
details of the solution. The profiles are functions of 
N G J N R , .  For non-Newtonian fluids, a numerical solution 
of the coupled equations is necessary to predict the profiles 
as functions of N G J N R ~  and the index a. 

NUMERICAL SOLUTION 

was facilitated by rewriting Equation (6) as 

The solution was performed for given values of a and G. 
The choice of G rather than N G J N R ~  as the input parame- 

The finite difference technique for obtaining a solution 

~ ( R T ’ )  = (2 + GT)RdR (12) 
0 

R 
Fig. 3. Upflow heating distorted velocity profiles for N G J N R ,  = 

38.5 as a function of a. 

Q 
0 

Fig. 2. Naturol convection distorted velocity profiles for a = 1.50 
as a function of N G r / N R e .  

Fig. 4. NGJNR, ratio a t  which maximum velocity first moves off 
center os a function of a for upflow heoting. 
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ter improved convergence. An assumed initial velocity 
profile was used to obtain a temperature profile from the 
energy equation, Equation ( 8 ) ,  by using a fourth-order 
Runge-Kutta integration method. The temperature profile 
was then substituted into the equation of motion, Equation 
(12) ,  to obtain a shear stress distribution, which in turn 
was used with the constitutive equation, Equation (5) ,  to 
obtain a better estimate of the velocity distribution. The 
calculations were repeated until the center-line velocities 
from two successive calculations agreed within 0.002 %. 
After the velocity and temperature profiles were deter- 
mined, Ncr /NRe  was calculated from the G value and the 
wall velocity gradient. Finally, the Nusselt number was 
computed by numerical integration of Equation ( 11). 

A Fortran IV computer program was developed, and an 
IBM 360-65 digital computer was used to solve the equa- 
tions. Details of the procedure and the computer program 
are presented elsewhere (2). The program satisfactorily 
computed all profiles of interest. However, for large posi- 
tive N ~ + / N R ,  ratios, the solutions converged to profiles 
associated with negative ratio flows. Since this occurred 
only for conditions where the maximum local velocity 
would be far off center, such solutions were of only mar- 
ginal value because of the demonstrated experimental 
instability of such Newtonian flow fields (12), and no 
attempt was made to improve the convergence. 

The procedure described requires an initial estimate of 
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Fig. 5. Downflow heating distorted velocity profiles for N c r / N R e  = 
29.8 as a function of n. 

the velocity distribution. I t  was found that the initial esti- 
mate had no effect on the final results but that computer 
time was minimized when the analytical Newtonian profile 
associated with the given G value was used. 

The analytical solutions for variable density Newtonian 
fluids and for constant property power law iuids were 
used to verify the numerical calculations. The agreement 
of better than 0.1% in all cases indicated that a stepsize 
hR = 0.01 and single precision computing were adequate 
for the calculations. 

NUMERICAL RESULTS 

Numerical solutions were obtained for a values from 
0.25 to 1.50 in increments of 0.25, values that should in- 
clude most liquids of practical interest. Upflow N c l / N ~ ,  
ratios were varied from zero to values where the maximum 
local velocity had moved significantly off center, while 
downflow ratios were varied from zero to values where flow 
reversal occurred at the wall. 

The fully developed velocity profiles for several repre- 
sentative N G , . / N R ~  ratios are shown in Figures 1 and 2 
for a pseudoplastic liquid with a = 0.25 and a dilatant 
liquid with a = 1.50, respectively. The profiles for N G , / N R ,  
= 0 are the isothermal or constant property velocity dis- 
tributions. The features of the heat distorted profiles are 
similar for all a values. For upflow heating the wall veloc- 
ity gradient increases from the isothermal value as the 
ratio of heat input to flow rate increases, while the center- 
line velocity correspondingly decreases. At moderate val- 
ues of N G J N R ~ ,  the maximum velocity moves off center. 
For downflow heating, the wall velocity gradient decreases 
with increasing N G J N R ~ ,  and the center-line velocity in- 
creases. For moderate values of the ratio, a reversal of 
flow near the wall is predicted. 

'20b 
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a 

Fig. 6. N G J N R ,  ratio a t  which wall velocity gradient becomes zero 
as a function of a for downflow heoting. 
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Fig. 9. Nusselt numbers for upflow and downflow heating. 
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Fig. 7. Heat distorted temperature profiles for a = 0.25 as a func- 

tion of N G r / N R e .  

In spite of the similarity of effects associated with all 
a values, the degree of non-Newtonian behavior character- 
ized by the index a has a significant effect on the velocity 
field at a given N c r / N R e  ratio. For isothermal profiles, 
decreasing a increases the bluntness of the velocity profiles. 
Figure 3 shows the effect of a on the flow field for upflow 
heating with N G ~ / N R ~  = 38.5. For the heat distorted pro- 
files, a decrease in a enhances the blunting effect associ- 
ated with the natural convection phenomenon. 

Associated with the increasing bluntness of the velocity 
distribution is a decrease in the critical N c r / N ~ ,  ratio at 
which the maximum velocity first moves off center. In 
Figure 3 the maximum velocity has already moved off 
center for the two lowest values, while the maximum 
velocity is still at the center of the pipe for a = 1.50. Fig- 
ure 4 shows the increase in the critical ratio with increasing 
a from 12.8 at a = 0.25 to 52 at a = 1.50. For New- 
tonian fluids, it has been found experimentally that the 
flow is unstable and becomes turbulent for ratios greater 
than the critical value (6, 1 2 ) .  If the critical ratio also 
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8. Heat distorted temperature profiles for 01 = 1.50 as a 
function of N G r / N R e .  

defines the stability limits for non-Newtonian liquids, 
then, in long pipes, flows below the curve in Figure 4 
will remain laminar at low Reynolds numbers, while those 
above will become turbulent. From this stability criterion, 
the limiting stable N G r / N R e  will be lower for pseudoplastic 
than for dilatant fluids. 

Figure 5 shows the effect of a on the velocity distribu- 
tion for downflow heating with N G J N R ~  = 29.8. The in- 
teraction of the non-Newtonian and natural convection 
effects is such that while at low ratios, the maximum center- 
line velocity increases with increasing 01, at high ratios the 
lowest CY fluid is predicted to have the largest center line 
velocity. 

For 01 = 0.5 and a ratio of 29.8, a reverse flow at the 
wall is predicted, while for the larger 01 values shown no 
reversal is predicted. Figure 6 shows the value of the criti- 
cal N c r / N R e  ratio at which the wall velocity gradient be- 
comes zero as a function of a. The critical ratio increases 
with increasing a from 15.9 at CI = 0.25 to 99.1 at CY = 
1.50. For ratio values larger than the critical, flow separa- 
tion and instability have been observed experimentally for 
Newtonian liquids (12) and would be expected to occur 
also for non-Newtonian liquids. I t  appears that for down- 
flow as well as upflow, the limiting stable N G J N R ~  value 
is lower for pseudoplastic than for dilatant fluids. 

Figures 7 and 8 show the temperature profiles for CY = 
0.25 and 1.50, respectively, which are associated with 
velocity profiles shown in Figures 1 and 2. Because of the 
method chosen for nondimensionalizing the temperature 
profiles which forces all profiles to be 1.0 at the center of 
the pipe and 0.0 at the wall, the effect of a change in 
N G ~ / N R ~  or a on the temperature distribution appears to 
be much less than the corresponding effect on the velocity 
distribution. 

In spite of the apparent insensitivity of the temperature 
profiles, changes in N c r / N ~ ,  and 01 do have a significant 
effect on the heat transfer coefficient. Figure 9 shows the 
large effects of N G ~ / N R ~  and on the Nusselt number 
for both upflow and downflow heating. The region between 
the dotted lines showing the critical N c r / N R e  ratios for 
both upflow and downflow heating defines the expected 
stable flow region in long pipes, within which the laminar 
analysis is likely to be applicable. For larger N G r / N R e  

ratios, turbulent flow would likely lead to higher heat 
transfer coefficients. 

For all a values, N N ~  increases with N G J N R ,  for upflow 
heating because of the increasing wall velocity gradient, 
as seen in Figures 1 and 2, while for downflow heating 
the opposite is true. The justification often used for neglect- 
ing convection effects in theoretical analyses, namely that 
the predictions will lead to conservative estimates of the 
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heat transfer rate, is clearly invalid for downflow heating. 
The change in NN,, over the predicted laminar region is 
greatest for a = 0.25 and decreases with increasing a, 
because the maximum distortion of the isothermal velocity 
profile within the laminar region is less for dilatant than 
for pseudoplastic liquids. 

For upflow heating, N N ~  decreases with increasing a for 
all NG+/NR,  values because of the corresponding decrease 
in the wall velocity gradient, as shown in Figure 3 for 
NGJNRe = 38.5. The situation is more complex for down- 
flow heating. At low N G J N R ~  values, smaller a’s give larger 
wall velocity gradients, while the reverse is true at high 
ratios. Consequently, there is an intersection of the curves 
on Figure 9 in the region of NGr/NRe = 8 to 10. 

SUMMARY 

Theoretical velocity and temperature profiles and Nusselt 
numbers have been presented as functions of the power 
law index and the ratio of Grashof to Reynolds number for 
fully developed laminar flow of a non-Newtonian liquid 
with temperature varying density in a vertical pipe under- 
going constant flux heating at the wall. No experimental 
results for such systems exist in the literature, so direct 
comparison of the numerical results with data is not pos- 
sible. However, some qualitative similarities with data 
suggest the validity of the analysis. 

The Nusselt numbers increase for upflow heating and 
decrease for downflow heating with respect to the constant 
fluid property values. The natural convection effect is 
largest for pseudoplastic and smallest for dilatant liquids, 
and its magnitude is consistent with the large natural con- 
vection effects found experimentally (7, 8, 10). 

For upflow heating, the velocity profile distortion is such 
that the maximum velocity finally moves off center for high 
heat fluxes for all values of the power law index, while for 
downflow heating reverse flow ultimately occurs at the 
pipe wall. Since both conditions have been found to pro- 
duce instability for Newtonian liquids, the prediction of 
such profiles for non-Newtonian liquids is consistent with 
the experimentally observed transition to turbulent flow 
for power law liquids at low Reynolds numbers (1 1 ) . The 
range of predicted stable NGJNR, ratios is smallest for 
pseudoplastic and largest for dilatant liquids. 

Natural convection induced turbulence will have a 
practical effect on heat transfer rates which depends on 
the relative magnitudes of the laminar and turbulent flow 
wall velocity gradients. For Newtonian liquids, the in- 
duced turbulence significantly increases heat transfer rates 
for downflow heating but has only a slight effect for up- 
flow heating, where the laminar wall velocity gradients are 
already large (13 ) .  The same general results are likely for 
non-Newtonian liquids, although for upflow heating of 
highly pseudoplastic liquids, a reduction in the Nusselt 
number may accompany transition to turbulence. 

Because of the encouraging nature of the preliminary 
comparisons, experiments taken under conditions approxi- 
mating the analysis will be the subject of a future paper. 
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NOTATION 

a = pipe radius, cm. 
d = pipe diameter, cm. 
g 
g, 
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= acceleration of gravity, 980 cm./sec.Z 
= component of gravitational acceleration in 00w 

direction, cmJsec.2 
G 

h 

= dimensionless parameter in Equation (12)  = 

= heat transfer coefficient based on difference b e  
tween wall and mixing cup average temperatures, 
cal./(sec.) (sq.cm.) ( “ C . )  

k = fluid thermal conductivity, cal./(sec.) (cm.) (“C.) 
K = non-Newtonian liquid consistency, g./ (cm.) 

( s e c . ) 2 - a  

N G r  = Grashof number defined by Equation (7a)  
N N ~  = Nusselt number defined by Equation (11) 
NRe = Reynolds number defined by Equation ( 7 b )  
P = fluid pressure, g./ (cm.) (sec.)2 
4 = wall heat flux, cal./(sq.cm.) (sec.) 
r = radial distance, cm. 
R = dimensionless radial distance, r / a  
t = fluid temperature, “C. 
tav = radial average fluid temperature defined by Equa- 

t ,  = center-line temperature, “C. 
t,o = wall temperature, “C. 
T = dimensionless fluid temperature = k ( t  - tav) /ga 
T, = dimensionless wall temperature 
v = local axial velocity, cm./sec. 
Oav = average fluid velocity, cm./sec. 
V = dimensionless fluid velocity = v/vav 
z = axial distance, cm. 

Greek Letters 

a 
/3 
perf 

p 
pav 
T~~ 

T~ 

7’ 

N G I /  ( NRe I m / d R l a ~  =I) 

tion ( 2 b )  

= dimensionless power law index 
= coefficient of volumetric expansion, “C.-’ 
= effective non-Newtonian viscosity = K (vav/iz)a-l, 

= local fluid density, g./cc. 
= radial average density, g./cc. 
= radial shear stress in axial direction, g./(cm.) 

= wall shear stress, g./(cm.) (sec.)2 
= dimensionless radial shear stress = 7 / rw 

g./(cm.) (sec.) 

(sec.)z 
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